ABSTRACT In this paper, we investigate the multiple attribute decision making (MADM) problems with interval-valued bipolar fuzzy sets (IVBFSs). First, the concept, operational laws, score function, and accuracy function of IVBFSs are defined. Then, based on the operational laws, some interval-valued bipolar fuzzy Hamacher aggregation operators are developed for aggregating the interval-valued bipolar fuzzy information. A series of characteristics of aggregation operators is studied. Then, based on these proposed operators, we develop an interval-valued bipolar fuzzy method to solve an uncertainty MADM problem. Finally, an illustrative example for evaluating the emerging technology commercialization is given to verify the developed approach and to demonstrate its practicality and effectiveness.
I. INTRODUCTION
On the basis of the concept of the fuzzy set [3] , Atanassov [1] , [2] defined the intuitionistic fuzzy set (IFS). An element belonging to any IFS is characterized by an ordered pair of its membership degree and non-membership degree. The sum of the pair should not exceed 1. The IFS has been widely accepted [4] - [20] in solving uncertain MADM problems. The bipolar fuzzy set (BFS) [21] , [22] has appeared as better tool to depict uncertainty in MADM. A pair of numbers, namely, the positive membership degree and the negative membership degree, is employed to define an object in a BFS. But different from the IFS, the range of membership degree of the BFS is [−1, 1] . BFSs have been used in many research domains including but not limited to logical reasoning [23] , [24] , Chinese medicine [25] , [26] , cognitive mapping [27] , [28] , computational psychiatry [29] , [30] , decision support systems [31] , [32] , quantum computation [33] , [34] , biosystem management [25] , [35] , [36] , quantum cellular combinatorics [33] , physics and philosophy [37] and combined graph theory [38] - [42] . Gul [43] proposed some bipolar fuzzy arithmetic and geometric operators. Wei et al. [44] defined the concept of hesitant bipolar fuzzy sets and proposed some operators. Lu et al. [45] developed the concept of bipolar 2-tuple linguistic sets. Xu and Wei [46] proposed the dual bipolar fuzzy sets and developed some fusing operators.
However, in many real MADM problems, due to insufficiency in available information, it may be difficult for DMs to exactly quantify their opinions with a crisp number, but they can be represented by an interval number within [0, 1] . This means that it is very necessary to introduce the concept of interval-valued bipolar fuzzy sets (IVBFSs), which permit the positive membership degrees and negative membership degrees to a given set to have an interval value. This kind of situation is more or less like that encountered in intuitionistic fuzzy environments [47] , where the concept of IFSs has been extended to that of interval-valued IFSs to describe the case of interval values that the membership and non-membership degrees of an element are assigned to a set. It should be noted that when the upper and lower limits of the interval values are identical, IVBFS becomes BFS, indicating that the latter is a special case of the former.
Hamacher t-conorm and t-norm [48] , which are the generalization of algebraic and Einstein t-conorm and t-norm [49] , are more general and more flexible. Some scholars have extended the Hamacher operations to solve the MADM problems with other fuzzy environments, such as intuitionistic fuzzy environment [50] , interval-valued fuzzy environment [51] - [53] , hesitant fuzzy environment [54] , [55] , dual hesitant fuzzy environment [56] , fuzzy number intuitionistic fuzzy environment [57] , interval-valued hesitant fuzzy environment [58] , Hesitant Pythagorean Fuzzy environment [59] , Pythagorean fuzzy environment [60] and neutrosophic number environment [61] However, both Hamacher operations and its extension fail to solve the MADM problems with IVBFNs. Therefore, we extend the Hamacher operations to IVBFNs and develop some Hamacher aggregating operators to aggregate the IVBFNs.
In order to do so, the rest of this paper is organized as follows. In the next section, we briefly review the basic concepts of the BFSs and IVBFSs and the fundamental operational laws of BFNs and IVBFNs. In Section 3, we develop some Hamacher aggregation operators with IVBFNs. In Section 4, models are developed that apply the proposed aggregation operators to solve MADM problems. An illustrative example is analyzed in Section 5. Some remarks are given in Section 6 to conclude the paper.
II. PRELIMINARIES A. THE BIPOLAR FUZZY SET
Then, we introduces the definition of BFSs [21] , [22] .
Definition 1 [21] , [22] : Let X be a fix set. A BFS is an object having the form
where the positive membership degree function µ + B (x): X → [0, 1] shows the satisfaction degree of an element x to the property corresponding to a BFS B and the negative membership degree function ν − B (x): X → [−1, 0] shows satisfaction degree of an element x to some implicit counter property corresponding to a BFS B, respectively, and, for every x ∈ X .
Definition 2 [43] : Some basic operations on BFNs are expressed as follows:
(1)b 1 ⊕b 2 = µ Based on the Definition 2, we can introduce the Theorem 1 easily.
Theorem 1 [43] : Letb 1 = µ 
B. THE INTERVAL-VALUED BIPOLAR FUZZY SET
Then, we shall propose the interval-valued bipolar fuzzy set (IVBFSs) which is a generalization of the BFSs. The fundamental characteristic of the IVBFSs is that the values of its positive membership degree function and negative membership degree function are intervals rather than exact numbers. Definition 3: Let X be a fix set. An IVBFSs is an object having the form
where the positive membership degree functionμ 
Definition 5: The accuracy value H ofb is formulated as
It is obvious that S b ∈ [0, 1] and H b ∈ [0, 1].
A larger value of H b denotes a higher degree of accuracy of the IVBFNb. We next define an ordered relation between two
Definition 7: Some basic operations on IVBFNs are expressed at the bottom of this page.
Based on the Definition 7, we can introduce the Theorem 2 easily.
Theorem 2:
be two IVBFNs, λ, λ 1 ,
C. HAMACHER OPERATIONS
Hamacher [48] proposed a more generalized t-norm and t-conorm. Hamacher product ⊗ is a t-norm and Hamacher sum ⊕ is a t-conorm, where
In particular, when γ = 1, Hamacher t-norm and t-conorm will reduce to
which are their algebraic counterparts; and when γ = 2, Eq. (4) and Eq. (5) will reduce to
which are referred to as the Einstein t-norm and t-conorm, respectively [62] .
III. SOME HAMACHER AGGREGATION OPERATORS WITH IVBFNs
A. SOME HAMACHER ARITHMETIC OPERATORS WITH IVBFNs
Definition 8: The interval-valued bipolar fuzzy Hamacher weighted average (IVBFHWA) operator is (15) where ω = (ω 1 , ω 2 , · · · , ω n ) T denotes the weight vector of
Theorem 3 can be shown by its definition.
Theorem 3:
The IVBFHWA operator returns an IVBFN with
Theorem 3 can be proved by Mathematical induction shown as follows:
Proof:
and for the right side of the (16),we have
Therefore, (16) holds for n = 1.
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2) Assume that (16) holds for n = k, we have (16) holds. According to steps 1) and 2), we have get (16) holds for any n.
It is easily proven that the IVBFHWA operator has three properties.
Property 3 (Monotonicity):
Two special cases of the IVBFHWA operator is discussed.
• If γ = 1, the IVBFHWA operator is equivalent to the interval-valued bipolar fuzzy weighted average (IVBFWA) operator:
• If γ = 2, the IVBFHWA operator coincides with the interval-valued bipolar fuzzy Einstein weighted average (IVBFEWA) operator: Definition 9: The interval-valued bipolar fuzzy Hamacher ordered weighted average (IVBFHOWA) operator is defined as
where 
where (σ (1), σ (2), · · ·,σ (n)) is a permutation of (1, 2, · · ·, n), such thatb σ (j−1) ≥b σ (j) for all j = 2, · · · , n, and w = (w 1 , w 2 , · · · , w n ) T is the aggregation-associated weight vector such that w j ∈ [0, 1] and
We can prove that the IVBFHOWA operator has the following properties.
Property 4 (Idempotency):
Property 6 (Monotonicity):
Property 7 (Commutativity):
When the parameter γ takes value 1 or 2, the IVBFHOWA operator reduces to the following operators.
• If γ = 1, the IVBFHOWA operator reduces to the interval-valued bipolar fuzzy ordered weighted average (IVBFOWA) operator:
• If γ = 2, the IVBFHOWA operator reduces to the interval-valued bipolar fuzzy Einstein ordered weighted average (IVBFEOWA) operator:
be three interval-valued bipolar fuzzy numbers, by (3), we calculate the scores of b j (j = 1, 2, 3, 4):
2) is the weighting vector of the IVBFHOWA operator. Suppose that γ = 3, then, by (23) , it follows that IVBFHOWA w b 1 ,b 2 , · · · ,b n is shown top of the next page.
Definitions 8 and 9 suggest that the IVBFHWA operator and the IVBFHOWA operator weigh the IVBFNs and the ordered positions of the IVBFNs, respectively. An intervalvalued bipolar fuzzy Hamacher hybrid average (IVBFHHA) operator is proposed to combine the characteristics of the IVBFHWA operator and the IVBFHOWA operator together.
Definition 10: An interval-valued bipolar fuzzy Hamacher hybrid average (IVBFHHA) operator is defined as follows:
where
is the weighting vector of IVBFNs
ω j = 1, and n is the balancing coefficient.
Note that the IVBFHHA operator reduces to the
The next theorem holds for the IVBFHHA operator.
Theorem 5:
The IVBFHHA operator returns a IVBFN, and
where w = (w 1 , w 2 , · · · , w n ) is the associated weighting vector, with w j ∈ [0, 1],
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ω j = 1, and n is the balancing coefficient. We now discuss two special cases of the IVBFHHA operator.
• If γ = 1, the IVBFHHA operator reduces to the intervalvalued bipolar fuzzy hybrid average (IVBFHA) operator as follows:
• If γ = 2, the IVBFHHA operator reduces to the interval-valued bipolar fuzzy Einstein hybrid average (IVBFEHA) operator as follows:
B. SOME HAMACHER GEOMETRIC AGGREGATION OPERATORS WITH IVBFNs
Applying the interval-valued bipolar fuzzy Hamacher arithmetic aggregation operators and geometric mean [63] , [64] , we can define interval-valued bipolar fuzzy Hamacher geometric aggregation operators. Definition 11: The interval-valued bipolar fuzzy Hamacher weighted geometric (IVBFHWG) operator is defined as
T is the weight vector of
By definition, we can prove the following theorem. Theorem 6: The IVBFHWG operator returns an IVBFN, and
Theorem 6 can be proved by Mathematical induction shown as follows:
and for the right side of the (35), we have
Therefore, (35) holds for n = 1. 2) Assume that (35) holds for n = k, we have (35) holds. According to steps 1) and 2), we have get (35) holds for any n.
It is easy to shown that the IVBFHWG operator exhibits the following properties.
Property 9 (Boundedness): Letb j (j = 1, 2, · · · , n) be a collection of IVBFNs, and
Property 10 (Monotonicity): Letb j (j = 1, 2, · · · , n) and b j (j = 1, 2, · · · , n) be two set of IVBFNs. Ifb j ≤b j , for all j, then
Next we present two special cases of the IVBFHWG operator.
• If γ = 1, IVBFHWG operator reduces to the intervalvalued bipolar fuzzy weighted geometric (IVBFWG) operator:
• If γ = 2, IVBFHWG operator reduces to the interval-valued bipolar fuzzy Einstein weighted geometric (IVBFEWG) operator: Definition 12: The interval-valued bipolar fuzzy Hamacher ordered weighted geometric (IVBFHOWG) operator is defined as
w j (41) where (σ (1), σ (2), · · ·,σ (n)) is a permutation of (1, 2, · · ·, n), such thatb σ (j−1) ≥b σ (j) for all j = 2, · · · , n, and
T is the aggregation-associated weight vector such that w j ∈ [0, 1] and
The following theorem is valid for the IVBFHOWG operator.
Theorem 7: The IVBFHOWG operator returns a IVBFN, and
where (σ (1), σ (2), · · ·,σ(n)) is a permutation of (1, 2, · · · , n), such thatb σ (j−1) ≥b σ (j) for all j = 2, · · · , n, and w = (w 1 , w 2 , · · · , w n )
The following properties of the IVBFHOWG operator can be proven. 
Property 13 (Monotonicity): Letb j (j = 1, 2, · · · , n) and b j (j = 1, 2, · · · , n) be two set of BFNs. Ifb j ≤b j , for all j, then
Property 14 (Commutativity):
Letb j (j = 1, 2, · · · , n) and b j (j = 1, 2, · · · , n) be two set of IVBFNs, for all j, then
whereb j (j = 1, 2, · · · , n) is any permutation ofb j (j = 1, 2, · · · , n). Two special cases of the IVBFHOWG operator are discussed as follows.
• If γ = 1, the IVBFHOWG operator coincides with the interval-valued bipolar fuzzy ordered weighted geometric (IVBFOWG) operator:
• If γ = 2, the IVBFHOWG operator is equivalent to the interval-valued bipolar fuzzy Einstein ordered weighted geometric (IVBFEOWG) operator as follows: Definitions 11 and 12 imply that the IVBFHWG operator and the IVBFHOWG operator target, respectively, the IVBFN itself and the ordered positions of the IVBFNs. To mix the features of these two operators together, we propose the interval-valued bipolar fuzzy Hamacher hybrid geometric (IVBFHHG) operator below.
Definition 13: The IVBFHHG operator is defined as
where w = (w 1 , w 2 , · · · , w n ) is the associated weighting 
ω j = 1, and n is the balancing coefficient, γ > 0. By definition, IVBFHHG becomes the IVBFHWG operator when w = (1/n, 1/n, · · · , 1/n) T , and the IVBFHOWG operator when if ω = (1/n, 1/n, · · · , 1/n).
Theorem 8 is a natural conclusion.
Theorem 8:
The IVBFHHG operator returns an IVBFN, and It is easy to derive special cases of the IVBFHHG operator when the parameter γ takes particular values.
• If γ = 1, the IVBFHHG operator reduces to the intervalvalued bipolar fuzzy hybrid geometric (IVBFHG) operator:
• If γ = 2, the IVBFHHG operator reduces to the interval-valued bipolar fuzzy Einstein hybrid geometric (IVBFEHG) operator, (52) as shown at the top of the next page.
IV. MODELS FOR MADM WITH IVBFNs
We next apply these operators to solve MADM problems with IVBFNs. Denote a discrete set of alternatives by A = {A 1 , A 2 , · · · , A m } and the set of attributes by G = 
The process of utilizing the IVBFHWA (or IVBFHWG) operator to solve a MADM problem is presented below.
Step 1: Applying the IVBFHWA operator to process the information in matrixR, derive the overall values r i (i = 1, 2, · · · , m) of the alternative A i .
If the IVBFHWG operator is chosen instead, we havẽ
Step 2: Calculate the scores S (r i ) (i = 1, 2, · · · , m).
Step 3: Rank all the alternatives
Step 4: Select the best alternative(s). The problem, which is MADM in nature, can be solved using the IVBFHWA operator in steps as shown below.
Step 1: Let γ = 3. Apply the IVBFHWA operator to compute the overall preference valuesr i of the emerging technology enterprises A i (i = 1, 2, 3, 4, 5) as follows: 
Step 2 Step 3: Rank all the emerging technology enterprises A i (i = 1, 2, 3, 4, 5) in accordance with the scores S (r i ) (i = 1, 2, · · · , 5) of the overall IVBFNs:
Step 4: A 1 is chosen as the most desirable emerging technology enterprise.
If the IVBFHWG operator is applied instead, the problem can be solved in a similar way.
Step 1: Let γ = 3. Aggregate all IVBFNs via the IVBFHWG operator to derive the overall IVBFNsr i (i = 1, 2, · · · , 5) of the alternative A i as follows: Step 3: Rank all the emerging technology enterprise A i (i = 1, 2, 3, 4, 5) in accordance with the scores S (r i ) (i = 1, 2, · · · , 5):
Step 4: Return A 1 as the most desirable emerging technology enterprise.
From the above computation and analysis, it is easily shown that although the overall rating values of the alternatives are different by using two operators respectively, the ranking orders of the alternatives are slightly different. However, the most desirable emerging technology enterprise is A 1 .
VI. CONCLUSION
In this study we investigate the MADM problem with IVBFNs. Motivated by the Hamacher operations [48] , we develop a set of Hamacher aggregation operators for aggregating IVBFNs and further analyze their prominent properties. A procedure is constructed to apply these operators for solving the MADM problems with IVBFNs. Finally, an example is analyzed to demonstrate the validity and applicability. In our future study, we shall extend the proposed models to other domain, such as, pattern recognition, risk analysis, supplier selection, and so on [65] , [65] - [87] .
